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Richard Owen 
(1804-1892)

HOMOLOGY: common descent
(Darwin, 1859)

Original definition : "the same 
organ in different animals 
under ev ery v ariet y of form 
and function." (Owen, 1843).

But: homology need not imply 
similarit y of form nor function 
because of divergence.

Similarit y need not imply 
homology because of 
convergence.
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Morphology vs. Sequences

GCCA CT T T
CGCGATCA  

GAA A CGT T
CGTGATCG 

GGCA GT T T
CGCGAT T T  
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Convergence

Morphology  DNA Sequences

GCCA CT T T
CGCGATCA  

GGCA GAT T
CA GGAT T T  

GGCA GAT T
CA GGAT T T  

Convergence

Very Rare!!More Common
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Why sequence convergence is rare:
Many genotypes code for the same phenotype

GCCA CT T T
CGCGATCA  

GGCA GAT T
CA GGAT T T  

GAA A CGT T
CGTGATCG 

Convergent
Phenotype

Divergent
Genotype

Development

Evolution

Development
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The enormity of sequence space: DNA (a = 4)

A G

CT

L = 1

N = La = 41 = 4
K = NL(a Ð 1) = 12
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The enormity of sequence space: DNA (a = 4)
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The enormity of sequence space: DNA (a = 4)

L = 3

N = La = 43 = 64
K = NL(a Ð 1) = 576

AAA AGA

ATA

TAA TGA

TTA

CAA CGA

CCACTA

GGA

GCA

TCA

GAA

ACA
GTA

AAT AGT

ATT

TAT TGT

TTT

CAT CGT

CCTCTT

GGT

GCT

TCT

GAT

ACT
GTT

AAC AGC

ATC

TAC TGC

TTC

CAC CGC

CCCCTC

GGC

GCC

TCC

GAC

ACC
GTC

AAG AGG

ATG

TAG TGG

TTG

CAG CGG

CCGCTG

GGG

GCG

TCG

GAG

ACG
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The enormity of sequence space

DNA (a = 4), L = 300:

N = La = 4300 ≅ 4.15 x 10180

K = NL(a Ð 1) ≅ 3.74 x 10181
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The enormity of sequence space

DNA (a = 4), L = 300:

N = La = 4300 ≅ 4.15 x 10180

K = NL(a Ð 1) ≅ 3.74 x 10181

The probability of two independent randomly evolving
sequences converging over any but very small lengths is 
infinitesimally small. 
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Similarity implies homology

DNA (a = 4), L = 300:

N = La = 4300 ≅ 4.15 x 10180

K = NL(a Ð 1) ≅ 3.74 x 10181

The probability of two independent randomly evolving
sequences converging over any but very small lengths is 
infinitesimally small. 

Sequences more similar than expected from random are 
therefore inferred to have evolved from a common ancestor.
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Similar morphologies need not 
imply homology  because of 
convergence.

Similar sequences do imply 
homology  because 
convergence is improbable.

Similarity implies homology for sequences

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
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Homologous DNA sequences

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
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GCCACTTTCGCGATCA 

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

Homologous 
sequences

GCCACGTTCGCGATCG GGCAGTTTCGCGATTT 

Homologous DNA sequences

Significantly similar  
sequences (such as 
from a BLA ST search) 
are inferred to have  

come from a 
common ancestor

Ancestral sequence
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T0

Tnow

All the differences we 
see between homologs  
must ha ve ev olv ed 
since their div erged

Homologous 
sequences

GCCACTTTCGCGATCA 

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCACGTTCGCGATCG GGCAGTTTCGCGATTT 

Ancestral sequence

Homologous DNA sequences
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Ancestral sequence

GCCACTTTCGCGATCA 

T0

T1

Homologous 
sequences

GCCACTTTCGCGATCA 

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCACTTTCGCGATCG 

Homologous DNA sequences
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GCCACTTTCGCGATCA Ancestral sequence T0

T1

T2GCCACTTTCGCGATTA 

Homologous 
sequences

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCACTTTCGCGATCG 

GCCACTTTCGCGATCG 

Homologous DNA sequences
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GCCAGTTTCGCGATCT 

GCCAGTTTCGCGATTA 

GCCAGTCTCGCGATTA 

GGCAGTCTCGCGATTT 

GCCAGTTTCGCGATCG 

GCCAGGTTCGTGATCG 

GCCACGTTCGCGATCG 

Ancestral sequence

GCCACGTTCGCGATCG GGCAGTCTCGCGATTT 

T0

T1

T2

T3

T4
T5

T6

Tnow

Homologous 
sequences

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

Homologous DNA sequences
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Homologous 
bases at a  site 

T0

T1

T2

T3

T4
T5

T6

Tnow

Homologous 
sequences

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCAGTTTCGCGATCT 

GCCAGTTTCGCGATTA 

GCCAGTCTCGCGATTA 

GGCAGTCTCGCGATTT 

GCCAGTTTCGCGATCG 

GCCAGGTTCGTGATCG 

GCCACGTTCGCGATCG 

Ancestral sequence

GCCACGTTCGCGATCG GGCAGTCTCGCGATTT 

Homologous DNA sequences
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Rate of Evolution:  changes per time (or per 
gener ation) per sequence  and per site.

T0

Tnow

Homologous 
sequences

time t

6 differences 
per 16 sites 
per 2 sequences = 
(6 / 16) / 2 = 
18.75% per time t

Tnow

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCACTTTCGCGATCA 

GCCACGTTCGCGATCG GGCAGTTTCGCGATTT 

Ancestral sequence
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Why divide by two?  
to estimate how one sequence changes o ver time

Tnow

time t

T0

Tnow

GCCAGTTTCGCGATCT 

GCCAGTTTCGCGATTA 

GCCAGTCTCGCGATTA 

GGCAGTCTCGCGATTT 

GGCAGTCTCGCGATTT 

Ancestral sequence

3 differences 
per 16 sites = 
(3 / 16)  = 
18.75% per time t
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We usually don't know ancestral sequences.
So we compare  sequences to infer ev olutionary changes

T0

Tnow

Homologous 
sequences

time t

Tnow

?

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

GCCACGTTCGCGATCG GGCAGTTTCGCGATTT 

6 differences 
per 16 sites 
per 2 sequences = 
(6 / 16) / 2 = 
18.75% per time t
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We usually don't know how much time has passed .
So we calculate  Evolutionary distance  as rate X time.

Tnow

Homologous 
sequences

time ?

T0

Tnow

?

GCCACGTTCGCGATCG
| ||   |||||||
GGCAGTCTCGCGATTT 
 

6 differences 
per 16 sites 
per 2 sequences = 
(6 / 16) / 2 = 
18.75% div ergence

GCCACGTTCGCGATCG GGCAGTTTCGCGATTT 
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ÒThere may thus exist a Molecular Evolutionary ClockÓ
Zuckerkandl & Pauling (1965)

Div ergence between  !  and "  or # 

Div ergence between  " , and # 

Approx. duplication dates (mya) 
from vertebrate fossil records

%
 a

m
in

o 
ac

id
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if
fe

re
nc

es
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Different protein clocks ÒtickÓ at different rates:
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Different protein clocks ÒtickÓ at different rates
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A giv en large div ergence can be attained from 
a fast r ate and short time or 
a slow r ate and a long time
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Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population.  
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1



 © 2007 David H. Ardell

Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population. 
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1

t = 2



 © 2007 David H. Ardell

Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population. 
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1

t = 2



 © 2007 David H. Ardell

Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population. 
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1

t = 2: 2 mutations



 © 2007 David H. Ardell

Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population. 
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1

t = 3

t = 2: 2 mutations
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Q:  What is a Òsubstitution?Ó

A:  A substitution  is the fixation of a mutation in a population. 
It has been ÒacceptedÓ b y natur al selection.

Population of 5 
individuals at 
generation  t = 1

t = 2: 2 mutations

t = 3

t = 4: 1 substitution
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Sequence 
differences between 

species are often 
assumed  to be 

substitutions (fixed 
differences). 

Species 2Species 1

Ancestor
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% identity (100 - %dif ferences) under estimates 
evolutionary diver gence!

%
 a

m
in

o 
ac

id
 d

if
fe

re
nc

es

Appr ox. duplication dates (mya) 
from vertebrate fossil r ecor ds
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Why Percent Identity (%ID) underestimates evolution

The more sequences ev olv e, the more changes we miss.

ANCESTOR
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Why Percent Identity (%ID) underestimates divergence

The more sequences ev olv e, the more changes we miss.

Multiple changes  can 
hit the same site

ANCESTOR
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ANCESTOR

3 changes,
2 differences

Why Percent Identity (%ID) underestimates divergence

The more sequences ev olv e, the more changes we miss.

Multiple changes  can 
hit the same site
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ANCESTOR

3 changes,
2 differences

Multiple changes  can 
hit the same site

Back changes can  undo  
earlier changes

Why Percent Identity (%ID) underestimates divergence

The more sequences ev olv e, the more changes we miss.
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ANCESTOR

4 changes,
1 difference

3 changes,
2 differences

Multiple changes  can 
hit the same site

Back changes can  undo  
earlier changes

Why Percent Identity (%ID) underestimates divergence

The more sequences ev olv e, the more changes we miss.
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ANCESTOR

4 changes,
1 difference

3 changes,
2 differences

Multiple changes  can 
hit the same site

Back changes can  undo  
earlier changes

Parallel changes 

hide ev olution 6 changes,
1 difference

Why Percent Identity (%ID) underestimates divergence

The more sequences ev olv e, the more changes we miss.
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The Poisson Correction

Imagine substitutions Òraining downÓ on sequences:
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The Poisson Correction

1. Want to estimate avg. evolutionary distance  $ (number of 
substitutions per site) from %ID = 100 x (p/N).

2. Assume substitutions occur independently by site and time.
3. Each site has probability $/N of mutating at distance $, where it is 

assumed that N is large. The average fraction of sites not mutated  
(p/N) is then: (1 - $/N)N ! e Ð$  (for large N).

Imagine substitutions Òraining downÓ on sequences:
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The Poisson Correction

1. Want to estimate avg. evolutionary distance  $ (number of 
substitutions per site) from %ID = 100 x (p/N).

2. Assume substitutions occur independently by site and time.
3. Each site has probability $/N of mutating at distance $, where it is 

assumed that N is large. The average fraction of sites not mutated  
(p/N) is then: (1 - $/N)N ! e Ð$  (for large N).

4. Therefore, if we see p out of N sites not mutated and assume no 
back or parallel substitutions, we can estimate $ = Ð ln (p/N).

5. Ex: %ID of  38%  implies $ = -ln(0.38) ! 1 . About as many 
substitutions  have occurred as the length of the sequence.

Imagine substitutions Òraining downÓ on sequences:
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Poisson-Corrected Evolutionary Distance vs. %ID

%ID

S
ub

st
itu

tio
ns

 p
er

 s
ite

61%ID = 0.5

38%ID = 1.0
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The effect of alphabet size

A G

CT
L = 1

N = La = 41 = 4
K = NL(a Ð 1) = 12

DNA (a = 4) Protein (a = 20)

N = La = 201 = 20
K = NL(a Ð 1) = 380

At a given position, randomly evolving proteins are less likely 
than DNA to mutate back (ÒrevertÓ) to an earlier state.
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When should you use the Poisson Correction?

A G

CT
L = 1

N = La = 41 = 4
K = NL(a Ð 1) = 12

DNA (a = 4) Protein (a = 20)

N = La = 201 = 20
K = NL(a Ð 1) = 380

The Poisson correction assumes no back or parallel 
substitutions so it is most appropriate for proteins at short 
evolutionary distances.
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Improving the Poisson correction: 
PAM Amino Acid Substitution Matrices

Margaret Dayhoff (1925 - 1983)
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Improving the Poisson correction: 
PAM Amino Acid Substitution Matrices

Basic idea:  

1. Collect a big dataset of closely related  proteins.

2. Count amino acid changes  and the total composition  of 
amino acids in the dataset.

3. Calculate from this the tr ansition probabilities  for an y amino 
acid to substitute into an y other amino acid after 1% 
sequence div ergence. 

4. This defines the PAM1 matrix (ÒPoint  Accepted Mutation, Ó where 
ÒacceptedÓ implies Òby natur al selectionÓ).

5. Assume that the tr ansition probabilities after N% sequence 
div ergence are giv en b y the N-th power of the P AM1 matrix.  

    Ex: P AM250 = (P AM1) 250

Margaret Dayhoff (1925 - 1983)
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Example: part of the PAM15 matrix of 
Jones, Taylor and Thornton (1998)

           A        R        N         D        C        Q        E        G        H        I         L         K  ...

 A  0.821   0.005  0.004  0.006  0.002  0.004  0.009  0.019  0.001  0.004  0.005  0.003 ...

 R  0.007  0.850   0.003  0.002  0.003  0.018  0.003  0.014  0.011  0.002  0.005  0.052  ...

 N  0.008  0.004  0.816   0.037  0.001  0.005  0.007  0.009  0.012  0.004  0.002  0.021 ...

 D  0.009  0.002  0.030  0.848   0.000  0.004  0.065   0.014  0.004  0.001  0.001  0.003 ...

 C  0.007  0.008  0.003  0.001  0.913   0.001  0.001  0.007  0.002  0.002  0.003  0.001 ...

 Q  0.007  0.023  0.006  0.005  0.000  0.846   0.028  0.003  0.019  0.001  0.010  0.025 ...

 E  0.012  0.003  0.005  0.054   0.000  0.018  0.862   0.013  0.001  0.001  0.002  0.015 ...

 G  0.020  0.010  0.005  0.010  0.002  0.002  0.011  0.901   0.001  0.001  0.001  0.003 ...

 H  0.004  0.024  0.023  0.008  0.002  0.033  0.003  0.003  0.834   0.002  0.008  0.005 ...

 I   0.006  0.002  0.003  0.001  0.001  0.001  0.001  0.001  0.001  0.819   0.031  0.002 ...

 J   0.004  0.003  0.001  0.001  0.001  0.004  0.001  0.001  0.002  0.018  0.899   0.001 ...

 K  0.004  0.046   0.015  0.003  0.000  0.017  0.016  0.004  0.002  0.002  0.002  0.867  ...

... ... ... ... ... ... ... ... ... ... ... ......

...
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Assumptions of PAM Substitution Matrices 

1. Site Independence:  Probabilit y of substitution at a site 

is independent of amino acids in all other sites in the 

sequence.
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.

1. Site Independence:  Probabilit y of substitution at a site  

is independent of amino acids in all other sites.

2. Mark ov Propert y:  Probabilit y of substitution at a site 

depends only  on the siteÕ s present state, not on its 

history .

    The probability of A becoming B at 2% divergence 

is PAM2(B|A)  = %x PAM1(B|x) * P AM1(x|A)

.

Assumptions of PAM Substitution Matrices 

.

A
B
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Assumptions of PAM Substitution Matrices 

1. Site Independence:  Probabilit y of substitution at a site  

is independent of amino acids in all other sites.

2. Mark ov Propert y:  Probabilit y of substitution at a site 

depends only  on the siteÕ s present state, not on its 

history .

    PAM2 = PAM1*PAM1 = (PAM1) 2

    PAM3 = PAM2*PAM1 = (PAM1) 3

    PAMn = PAMn-1*PAM1 = (PAM1) n
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Assumptions of PAM Substitution Matrices 

1. Site Independence:  Probabilit y of substitution at a site  

is independent of amino acids in all other sites.

2. Mark ov Propert y:  Probabilit y of substitution at a site 

depends only  on the siteÕ s present state, not on its 

history .

3. Sufficient Sample Siz e: Sequence composition is the 

same as in the alignments used to mak e the matrix.
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Assumptions of PAM Substitution Matrices 

1. Site Independence:  Probabilit y of substitution at a site 

is independent of amino acids in all other sites.

2. Mark ov Propert y:  Probabilit y of substitution at a site 

depends only  on the siteÕ s present state, not on its 

history .

3. Sufficient Sample Siz e: Sequence composition is the 

same as in the alignments used to mak e the matrix.

4. Stationarit y:  The probabilities of substitutions do not 

change with time.
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Q: What does PAM250 Ñ 250% change Ñ to a 
protein mean?
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Q: What does PAM250 Ñ 250% change Ñ to a 
protein mean?

A: a little less than 82% diver gence, i.e. just over 18% ID
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Part of the PAM250 matrix of 
Jones, Taylor and Thornton (1998)

           A        R        N         D        C        Q        E        G        H        I         L         K  ...

 A  0.129  0.040  0.043  0.046  0.016  0.032  0.054  0.085  0.016  0.054  0.067  0.044  ...

 R  0.060  0.148   0.043  0.039  0.018  0.066  0.057  0.073  0.033  0.028  0.051  0.134  ...

 N  0.077  0.052  0.092   0.084  0.015  0.042  0.076  0.074  0.030  0.033  0.046  0.072 ...

 D  0.068  0.039  0.070  0.161   0.010  0.045  0.156   0.087  0.023  0.025  0.034  0.057 ...

 C  0.062  0.046  0.032  0.025  0.252   0.022  0.026  0.060  0.021  0.032  0.053  0.033 ...

 Q  0.059  0.083  0.044  0.057  0.011  0.120   0.091  0.055  0.042  0.028  0.060  0.097 ...

 E  0.067  0.048  0.053  0.130   0.008  0.060  0.189   0.083  0.021  0.025  0.036  0.072 ...

 G  0.089  0.052  0.044  0.061  0.016  0.031  0.071  0.245   0.016  0.028  0.038  0.047 ...

 H  0.054  0.074  0.056  0.051  0.018  0.074  0.056  0.050  0.089   0.028  0.061  0.068 ...

 I   0.077  0.027  0.027  0.025  0.012  0.021  0.029  0.038  0.012  0.140   0.148  0.029 ...

 J   0.056  0.028  0.021  0.019  0.012  0.027  0.024  0.030  0.015  0.086  0.270   0.027 ...

 K  0.057  0.118   0.053  0.051  0.011  0.067  0.076  0.059  0.027  0.027  0.043  0.184  ...

... ... ... ... ... ... ... ... ... ... ... ......

...
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Part of the PAM1000 matrix of 
Jones, Taylor and Thornton (1998)

           A        R        N         D        C        Q        E        G        H        I         L         K  ...

 A  0.077  0.052  0.043  0.052  0.020  0.041  0.062  0.074  0.023  0.054  0.091  0.059   ...

 R  0.077  0.053   0.043  0.053  0.020  0.042  0.064  0.074  0.023  0.052  0.088  0.061 ...

 N  0.077  0.053  0.043  0.053  0.020  0.041  0.064  0.074  0.023  0.053  0.089  0.060 ...

 D  0.077  0.053  0.044  0.055   0.019  0.042  0.066  0.076  0.023  0.052  0.087  0.061 ...

 C  0.076  0.051  0.042  0.050  0.023   0.040  0.060  0.072  0.023  0.053  0.092  0.057 ...

 Q  0.077  0.053  0.043  0.053  0.019  0.042   0.064  0.074  0.023  0.052  0.089  0.061 ...

 E  0.077  0.053  0.044  0.055  0.019  0.042  0.066   0.076  0.023  0.052  0.087  0.061 ...

 G  0.077  0.053  0.044  0.054  0.020  0.041  0.064  0.076   0.023  0.052  0.088  0.060  ...

 H  0.076  0.052  0.043  0.052  0.020  0.041  0.063  0.073  0.023   0.053  0.090  0.059 ...

 I   0.077  0.050  0.042  0.050  0.020  0.040  0.059  0.071  0.023  0.057   0.097  0.056 ...

 J   0.076  0.050  0.041  0.049  0.020  0.039  0.058  0.070  0.023  0.057  0.099   0.056 ...

 K  0.077  0.054  0.044  0.054  0.019  0.042  0.064  0.075  0.023  0.052  0.088  0.061  ...

... ... ... ... ... ... ... ... ... ... ... ......

...

PAM matrix transition probabilities converge to the
composition of the database used to make them
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Outline of the lecture

★ Convergence and Div ergence
★ Similarit y and Homology
★ Percent Difference as Ev olutionary Distance
★ Mutations and Substitutions
★ Hidden change in sequences
★ Poisson Correction
★ Substitution Matrices
★ Odds, Lik elihood R atios, Log-Lik elihoods, Scores
★ Sequence similarit y scores
★ Score Matrices: P AM and BL OSSUM
★ DNA Matrices
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Odds are ratios of probabilities

Example 1 : Odds of rolling 7 or 11 v ersus rolling doubles
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Odds are ratios of probabilities

Example 1 : Odds of rolling 7 or 11 :

2 * [p( !" )+p( #$ )+p( %&)+p( %" )]
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Odds are ratios of probabilities

Example 1 : Odds of rolling 7 or 11  v ersus rolling doubles :

2 * [p( !" )+p( #$ )+p( %&)+p( %" )]

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )
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Odds are ratios of probabilities

Example 1 : Odds of rolling 7 or 11 v ersus rolling doubles:

2 * [p( !" )+p( #$ )+p( %&)+p( %" )]

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )

=  8 / 36 = 4 : 3 odds
    6 / 36
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Odds are ratios of probabilities

Example 1 : Odds of rolling 7 or 11 v ersus rolling doubles:

2 * [p( !" )+p( #$ )+p( %&)+p( %" )]

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )

=  8 / 36 = 4 : 3 odds
    6 / 36

Example 2 : Odds of rolling doubles v ersus a pok er ÒflushÓ:

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )

        p(5 ♠)+p(5 ♦)+p(5 ♣)+p(5 ♥)

         =                    6 / 36                     ≅ 3030 : 1

             4 * (13/52 * 12/51 * 11/50 * 10/49 * 9/48) odds
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Odds versus Likelihood Ratios

Odds  can be made of any  probabilities, even over different 
event spaces:

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )

        p(5 ♠)+p(5 ♦)+p(5 ♣)+p(5 ♥)

        ≅ 3030 : 1 odds
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Odds versus Likelihood Ratios:

Odds  can be made of any  probabilities, even over different 
event spaces:

p( !! )+p( ## )+p( &&)+p( %%)+p( $$ )+p( "" )

        p(5 ♠)+p(5 ♦)+p(5 ♣)+p(5 ♥)

        ≅ 3030 : 1 odds

Likelihood ratios  must be made over the same events .

Example:  The lik elihood r atio of the word ÒHELL OÓ in a random 
sequence of letters  with English frequencies, v ersus uniform freqs.:

p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)        
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  
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Likelihood Ratios 

Probabilities of 
letters in English
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Likelihood Ratios compare the likelihoods of the 
same event in two different models

p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)        
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)        
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Likelihood Ratios compare the likelihoods of the 
same event in two different models
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)  

=

0.0524  * 0.1230  * 0.0466  * 0.0466 * 0.0769        1.07727 x 10 -6             

0.0385 * 0.0385 * 0.0385 * 0.0385 * 0.0385         8.41653 x 10 -8        
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≅ 12.8

Likelihood Ratios compare the likelihoods of the 
same event in two different models
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)  

=

0.0524  * 0.1230  * 0.0466  * 0.0466 * 0.0769        1.07727 x 10 -6             

0.0385 * 0.0385 * 0.0385 * 0.0385 * 0.0385         8.41653 x 10 -8        
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=

≅ 12.8 ÒHELLOÓ is about 13 times more 
likely in a sequence with English 
letter frequencies than random

Likelihood Ratios compare the likelihoods of the 
same event in two different models
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)  

=

0.0524  * 0.1230  * 0.0466  * 0.0466 * 0.0769         1.07727 x 10 -6             
 0.0385 * 0.0385 * 0.0385 * 0.0385 * 0.0385         8.41653 x 10 -8

0.0524     0.1230     0.0466     0.0466    0.0769        1.07727 x 10 -6             

0.0385    0.0385    0.0385    0.0385    0.0385         8.41653 x 10 -8   

=

=

* * * * =

Independence of elementary events makes 
calculating compound event likelihoods easy

p( ÒHELLOÓ| Eng. )

p( ÒHELLOÓ| Unif .)

=
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p( ÒHÓ| Eng. ) * p( ÒEÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒLÓ| Eng. ) * p( ÒOÓ| Eng. )  

p( ÒHÓ| Unif .) * p( ÒEÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒLÓ| Unif .) * p( ÒOÓ| Unif .)  

=

0.0524  * 0.1230  * 0.0466  * 0.0466 * 0.0769         1.07727 x 10 -6             
 0.0385 * 0.0385 * 0.0385 * 0.0385 * 0.0385         8.41653 x 10 -8

0.0524     0.1230     0.0466     0.0466    0.0769        1.07727 x 10 -6             

0.0385    0.0385    0.0385    0.0385    0.0385         8.41653 x 10 -8   

=

=

* * * * =

Independence of elementary events makes 
calculating compound event likelihoods easy

p( ÒHELLOÓ| Eng. )

p( ÒHELLOÓ| Unif .)

=

   1.362  * 3.198 * 1.212 * 1.212 * 1.999  ≅    12.8 
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0.0524     0.1230     0.0466     0.0466    0.0769        1.07727 x 10 -6             

0.0385    0.0385    0.0385    0.0385    0.0385         8.41653 x 10 -8   
* * * * =

p( ÒHELLOÓ| Eng. )

p( ÒHELLOÓ| Unif .)

=

   1.362  * 3.198 * 1.212 * 1.212 * 1.999    ≅    12.8 

 log 2(1.4 ) + log 2(3.2 ) + 2 * log 2(1.2 ) + log 2(2.0 )   ≅  log 2(12.8 )   

Log-Likelihood Ratios let you 
add instead of multiply (avoiding overflow, etc.)
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0.0524     0.1230     0.0466     0.0466    0.0769        1.07727 x 10 -6             

0.0385    0.0385    0.0385    0.0385    0.0385         8.41653 x 10 -8   
* * * * =

p( ÒHELLOÓ| Eng. )

p( ÒHELLOÓ| Unif .)

=

   1.362  * 3.198 * 1.212 * 1.212 * 1.999    ≅    12.8 

 log 2(1.4 ) + log 2(3.2 ) + 2 * log 2(1.2 ) + log 2(2.0 )   ≅  log 2(12.8 )   

     S(ÒHÓ) +    S(ÒEÓ) + 2 *   S(ÒLÓ)    +  S(ÒOÓ)     ≅  log 2(12.8 )   

Log-Likelihood Ratios of symbols 
are called LOD Scores (ÒLODÓ stands for ÒLog-OddsÓ)
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more likely in model 1; a negative score 
means it is more likely in model 2
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We use log 2 for scores, so
+1: an ev ent is twice as lik ely in model 1 than model 2
Ð1: an ev ent is  half  as lik ely in model 1 than model 2
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ÒOÓ is twice as likely in 
English than random

ÒMÓ is half as likely in 
English than random
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Outline of the lecture

★ Convergence and Div ergence
★ Similarit y and Homology
★ Percent Difference as Ev olutionary Distance
★ Mutations and Substitutions
★ Hidden change in sequences
★ Poisson Correction
★ Substitution Matrices
★ Odds, Lik elihood R atios, Log-Lik elihoods, Scores
★ Sequence similarit y scores
★ Score Matrices: P AM and BL OSSUM
★ DNA Matrices
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S( ) S(= ) ) ) ) )+ S( + S( + S( + S(

To score pairwise alignments, elementary events 
are pairs of amino acids or nucleotides  in a column
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S( ) S(= ) ) ) ) )+ S( + S( + S( + S(

To score pairwise alignments, elementary events 
are pairs of amino acids or nucleotides  in a column
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S( =)
| evolution )p(

| chance )p(
log 2
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S( =)
| evolution )p(

| chance )p(
log 2  

)p(

 )p(  ) p(
= log 2
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S( =)
| evolution )p(

| chance )p(
log 2  

)p(

 )p(  ) p(
= log 2

Model 1:
Evolution

From 
Substitution Matrices
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S( =)
| evolution )p(

| chance )p(
log 2  

)p(

 )p(  ) p(
= log 2

Model 1:
Evolution

Two picks from a Random Urn 
with Database composition

Model 2:
Chance

From 
Substitution Matrices
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S( =)
| evolution )p(

| chance )p(
log 2  

)p(

 )p(  ) p(
= log 2

Model 1:
Evolution

Two picks from a Random Urn 
with Database composition

Probability of pairs when sliding 
unrelated sequences past each other

Model 2:
Chance

From 
Substitution Matrices
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Outline of the lecture

★ Convergence and Div ergence
★ Similarit y and Homology
★ Percent Difference as Ev olutionary Distance
★ Mutations and Substitutions
★ Hidden change in sequences
★ Poisson Correction
★ Substitution Matrices
★ Odds, Lik elihood R atios, Log-Lik elihoods, Scores
★ Sequence similarit y scores
★ Score Matrices: P AM and BL OSSUM
★ DNA Matrices
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S( =)
| evolution )p(

| chance )p(
log 2  
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= log 2

Model 1:
Evolution

Model 2:
Chance
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 )p(  ) p(
= log 2

Unlike Subst. Matrices, Score Matrices are symmetric
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BLOSSUM 62 Score Matrix
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BLOSSUM 62 Score Matrix

Isoleucine Leucine Phenylalanine

Figure 4-3. Amino acid chemical relationships

In the late '60s and early '70s, Margaret Dayhoff pioneered quantitative techniques for
measuring amino acid similarity. Using sequences that were available at the time, she
constructed multiple alignments of related proteins and compared the frequencies of amino
acid substitutions. As expected, there is quite a bit of variation in amino acid substitution
frequency, and the patterns are generally what you'd expect from the chemical properties.
For example, phenylalanine (F) is most frequently paired to itself. It is also found relatively
frequently with tyrosine (Y) and tryptophan (W), which share similar aromatic ring structures
(see Table 2-1), and to a lesser extent with the other hydrophobic amino acids (M, V, I, and
L). Phenylalanine is infrequently paired with hydrophilic amino acids (R, K, D, E, and others).
You can see some of these patterns in the following multiple alignment, which corresponds
to a portion of the cytochrome b protein from various organisms.
1484700

PGNPFATPLEILPEWYLYPVFQILRVLPNKLLGIACQGAIPLGLMMVPFIE
PANPFATPLEILPEWYFYPVFQILRTVPNKLLGVLAMAAVPVGLLTVPFIE
PANPMSTPAHIVPEWYFLPVYAILRSIPNKLGGVAAIGLVFVSLLALPFIN
PANPLVTPPHIKPEWYFLFAYAILRSIPNKLGGVLALLFSILMLLLVPFLH
PANPLSTPAHIKPEWYFLFAYAILRSIPNKLGGVLALLLSILVLIFIPMLQ
PANPLSTPPHIKPEWYFLFAYAILRSIPNKLGGVLALLLSILILIFIPMLQ
IANPMNTPTHIKPEWYFLFAYSILRAIPNKLGGVIGLVMSILIL..YIMIF
ESDPMMSPVHIVPEWYFLFAYAILRAIPNKVLGVVSLFASILVL..VVFVL
IVDTLKTSDKILPEWFFLYLFGFLKAIPDKFMGLFLMVILLFSL..FLFIL

Dayhoff represented the similarity between amino acids as a log2 odds ratio, also known as
a lod score. To derive the lod score of an amino acid, take the log2 of the ratio of a pairing's
observed frequency divided by the pairing's random expected frequency. If the observed
and expected frequencies are equal, the lod score is zero. A positive score indicates that a
pair of letters is common, while a negative score indicates an unlikely pairing. The general
formula for any pair of amino acids is shown in Figure 4-4.
1484700

Figure 4-4. Equation 4-3

The score of two amino acids i and j, is sij, their individual probabilities are pi and pj, and their
frequency of pairing is qij. For example, suppose the frequencies of methionine (M) and
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PAM vs BLOSSUM

PAM

Ñ Starts from alignments of closely 
related proteins

Ñ Builds trees to a void o vercounting 
related sequences 

Ñ inferred ancestr al states are used to  
estimate tr ansition probabilities

Ñ T ransition probabilities at larger 
evolutionary distances are extr apolated 
from those at short distances

Ñ Larger P AMs model bigger distances
(Ex: PAM250 > PAM 100 )

BLOSSUM

Ñ Starts from alignments of both 
closely and distantly related proteins

Ñ Clusters sequences b y single-linkage 
to a void o vercounting. 

Ñ all pairs in a clustered alignment are 
used to calculate pair probabilities  

Ñ T ransition probabilities at different 
evolutionary distances are estimated 
empirically from clusters made at 
different minimal percent identities

Ñ Larger BL OSSUMs model shorter 
distances (from higher %ID clusters)
(Ex: BLOSSUM62 > BLOSSUM80 )
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Other Amino Acid Substitution/Score Matrices

Some matrices are updates of the original Da yhoff method with  
more data or some technical refinements

 Ex: JT T, Jones, T aylor , Thornton  
      Gonnet , Benner and Cohen

Some matrices are for specializ ed kinds or parts of proteins. 
 Ex: JT T tr ansmembr ane protein matrix
      Goldstein secondary structure matrices

Some matrices ha ve different assumptions
 Ex: BL OSSUM does not assume Mark ov propert y. Matrices 

are computed independently from alignments at different %
IDs. 

 BLOSSUM matrices are labeled b y expected %ID , so
 BLOSSUM30 > BL OSSUM62, whereas P AM100 < P AM250 !!! 
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Outline of the lecture

★ Convergence and Div ergence
★ Similarit y and Homology
★ Percent Difference as Ev olutionary Distance
★ Mutations and Substitutions
★ Hidden change in sequences
★ Poisson Correction
★ Substitution Matrices
★ Odds, Lik elihood R atios, Log-Lik elihoods, Scores
★ Sequence similarit y scores
★ Score Matrices: P AM and BL OSSUM
★ DNA Matrices
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A G

TC

Matrix models of DNA evolution

A G C T
A * ! ! !

G ! & ! !

C ! ! * !

T ! ! ! *

The Jukes-Cantor  model
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A G

TC

ÒPoolsÓ

Matrix models of DNA evolution

The Jukes-Cantor  model
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A G

TC

ÒFlows outÓ

A G C T
A * ! ! !

G ! & ! !

C ! ! * !

T ! ! ! *

Matrix models of DNA evolution

The Jukes-Cantor  model
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A G

TC

ÒFlows inÓ

A G C T
A * ! ! !

G ! & ! !

C ! ! * !

T ! ! ! *

Matrix models of DNA evolution

The Jukes-Cantor  model
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A G

TC

Because of 
symmetry , 
sequences 
evolve to the 
uniform base 
composition  
(25%A, 25%G,  
25%C, 25%T). 

Matrix models of DNA evolution

The Jukes-Cantor  model
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A G

TC

A G C T
A * " ! !

G " & ! !

C ! ! * "

T ! ! " *
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